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Abstract
Previous results on the non trivial solution of the Φ4-equations of
motion for the Green’s functions in the Euclidean space (of 0 ≤ r ≤ 4
dimensions) in the Wightman Quantum Field theory framework, are
reviewed in the 0− dimensional case from the following two aspects:
• (cf.[4]) The structure of the subset Φ ⊂ B characterized by the
bounds signs and “splitting” (factorization properties) is reffined
and more explictly described in terms of a new closed subset
Φ0 ⊂ Φ ⊂ B. Using a new norm we establish the local contrac-
tivity of the corresponding Φ40 mapping in the neighborhood of a
nontrivial sequence H0 ∈ Φ0.
• A new Φ40 iteration is defined in the neighborhood of the sequence
H0 ∈ Φ0.
In this paper we present the results of our numerical study, so:
– a) the stability of Φ0 i.e. the splitting, bounds and sign prop-
erties is clearly illustrated in the neighborhood of H0 ∈ Φ0.
– b) the rapid convergence of this iteration to the fixed point
is perfectly realized thanks to the new starting points of the
iteration.
1
ar
X
iv
:1
21
2.
36
97
v1
  [
ma
th-
ph
]  
15
 D
ec
 20
12
List of Figures
1 1rst set:Convergence up to ν = 6 with Λ = 0.001 starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 11
2 1rst set:Convergence up to ν = 6 with Λ = 0.0005 starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 11
3 1rst set:Convergence up to ν = 6 with Λ = 0.01 starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . . 12
4 1rst set:Convergence up to ν = 6 with Λ = 0.015 starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 12
5 1rst set:Convergence up to ν = 6 with Λ = 0.02 starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . . 13
6 1rst set:Convergence up to ν = 6 with Λ = 0.025 starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 13
7 1rst set:Convergence up to ν = 6 with Λ = 0.03 starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . . 14
8 1rst set:Convergence up to ν = 6 with Λ = 0.05 starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . . 14
9 1rst set:Convergence up to ν = 6 with Λ = 0.07 starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . . 15
10 1rst set:Convergence up to ν = 6 with Λ = 0.09 starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . . 15
11 1rst set:Convergence up to ν = 6 with Λ = 0.1 starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . . 16
12 1rst set:Divergence up to ν = 6 with Λ = 0.15 starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . . 16
13 2nd set:Convergence up to ν = 6 with Λ = 0.001 starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 17
14 2nd set:Convergence up to ν = 6 with Λ = 0.01, starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 17
15 2nd set:Convergence up to ν = 6 with Λ = 0.02, starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 18
16 2nd set:Convergence up to ν = 6 with Λ = 0.03, starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 18
17 2nd set:Convergence up to ν = 6 with Λ = 0.1, starting from
δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . . . 19
18 2nd set:Divergence (up to ν = 6) with Λ = 0.15, starting
from δn,max and δn,min . . . . . . . . . . . . . . . . . . . . . . 19
19 3d set:Summary up to the sixth iteration for Λ from 0.001 to
0.01 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
20 3d set:Summary of the six iterations for Λ from 0.001 to 0.03 20
2
1 Introduction
1 A new non perturbative method - the new recent results
Several years ago we started a program for the construction of a non trivial
Φ44 model consistent with the general principles of a Wightman Quantum
Field Theory (Q.F.T.) [1]. In reference [2] we have introduced a non pertur-
bative method for the construction of a non trivial solution of the system of
the Φ4 equations of motion for the Green’s functions, in the Euclidean space
of zero, one and two dimensions. In reference [3] we tried to apply an exten-
sion of this method to the case of four-(and a fortiori of three-)dimensional
Euclidean momentum space.
The general aspects of the method together with its comparison and
validity arguments with respect to other non perturbative methods are pre-
sented in these previous references, and in particular in the theoretical aspect
of this last study [4].
In this paper we present the numerical study of a new Φ40-Iteration.
We use the zero dimensional analog of the system of equations of mo-
tion introduced in the previous papers. The reasons that motivated us for
a study in smaller dimensions and not directly in four, were the absence of
the difficulties due to the renormalization and the pure combinatorial char-
acter of the problem in zero dimensions. Another useful aspect of the zero
dimensional case is the fact that it provides a direct way to test numerically
the validity of the method.
What are the new developments in the present zero dimensional study:
1. (cf.[4])The “new Φ0 subset is explicitly given in terms of the ”splitting”
sequences upper {δn,max(Λ)} and lower {δn,min(Λ)} envelops.
2. (cf.[4]) The non triviality and stability of the subset Φ0 under the map-
pingM∗ is established in terms of the new basic sequences {δn,max(Λ)},
{δn,min(Λ)} and {H0} The latter is furthermore used for the proof of
local contractivity. This proof is simpler in comparison with our pre-
vious analogs, due also to the fact that we introduce a new norm on
the Banach space B.
3. In the present paper, starting from these particular sequences, {δn,max(Λ)}
and {δn,min(Λ)}, we define a new Φ0-iteration and explore the behav-
ior of the Green’s functions (essentially the δ functions), at sufficiently
large n and reasonable order of this new iteration.
These last numerical results are convincing, the convergence is rapidly
established for different values of Λ and the sign and splitting proper-
ties (stability+contractivity) give coherent results with respect to our
theoretical conclusions.
1
2 Reminders
In [4] we presented in detail the definitions and results introduced in the pre-
vious papers together with the new ones. Let us present only the necessary
among them, for the best understanding of our numerical study.
1 The Φ40 equations of motion the subsets Φ0 ⊂ Φ and the new
mapping M∗
Definition 1.1 (The Φ40 equations of motion)
∀ Λ ∈ R+
H2(Λ) = −ΛH4(Λ) + 1 (1.2.1)
and for all n ≥ 3,
Hn+1(Λ) = An+1(Λ) +Bn+1(Λ) + Cn+1(Λ) (1.2.2)
with:
An+1(Λ) = −ΛHn+3(Λ); (1.2.3)
Bn+1(Λ) = −3Λ
∑
$n(J)
n !
j1!j2!
Hj2+2(Λ)Hj1+1(Λ); (1.2.4)
Cn+1(Λ) = −6Λ
∑
$n(I)
n !
i1!i2!i3! σsym(I)
∏
l=1,2,3
H il+1(Λ) (1.2.5)
Here the notation $n(J), means the set of different partitions (j1; j2) of n
such that j1 is an odd integer and j1 + j2 = n. Respectively $n(I) is the set
of triplets of odd numbers-different ordered partitions (i1; i2; i3) of n with
i1 ≥ i2 ≥ i3.
The symmetry-integer σsym(I) is defined by:
σsym(I) =

3! if i1 = i2 = i3
1 if i1 6= i2 6= i3 6= i1
2 otherwise
 (1.2.6)
2 The vector space B
Definition 1.2
We introduce the vector space B of the sequences H = {Hn+1}n=2k+1;k∈N
by the following: The functions Hn+1(Λ) belong to the space C∞(R+) of con-
tinuously differentiable numerical functions of the variable Λ ∈ R+ (which
physically represents the coupling constant).
Moreover, there exists a universal (independent of n and of Λ) positive
constant K0, such that the following uniform bounds are verified:
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∀ n = 2k + 1, k ∈ N
|Hn+1(Λ)| ≤ n !(K0)n ∀Λ ∈ R+ (1.2.7)
We suppose that the system of equations under consideration, concerns
always (following our introduction and the previous definition) the sequences
of Euclidean connected and amputated with respect to the free propagators
Green’s functions (the Schwinger functions). and that these sequences de-
noted by H = {Hn+1}n=2k+1 ,k∈N belong to the above space Bc.
3 The splitting sequences and the subsets Φ0 ⊂ Φ ⊂ B
Definition 1.3
We first introduce the class D of sequences
δ = {δn(Λ)}n=2k+1;k∈N ∈ B,
such that they verify the bounds (2.1.1) in the following simpler form:
|δn(Λ)| ≤ K0, (1.2.8)
∀n = 2k + 1; k ∈ N
Definition 1.4 splitting and signs-Φ ⊂ B
We shall say that a sequence H ∈ B belongs to the subset Φ ⊂ B if there
exists an increased associated sequence of positive and bounded functions
on R+,
δ = {δn(Λ)}n=2k+1;k∈N ∈ D,
such that the following “splitting” (or factorization) and sign properties are
verified:
∀Λ ∈ R+
Φ.1
H2(Λ) = 1 + Λδ1(Λ) with: lim
Λ→0
δ1(Λ) = 0 (1.2.9)
Φ.2
H4(Λ) = −δ3(Λ)[H2(Λ)]3, with: δ3(Λ) ≤ 6Λ, lim
Λ→0
δ3(Λ)
Λ
= 6
(1.2.10)
Φ.3
∀n ≥ 5 Hn+1(Λ) = δn(Λ)C
n+1
3Λn(n− 1) , with : limΛ→0
δn(Λ)
Λ
= 3n(n− 1)
(1.2.11)
3
Φ.4
∀ n = 2k + 1 with k ∈ N∗, ∃ positive continuous functions of Λ,
δn,max(Λ), δn,min(Λ)
(uniform bounds independent on H), δ∞max, δ∞ (uniform limit and
bound at infinity), such that:
δn,max(Λ) > δn,min(Λ) (1.2.12)
δn,min(Λ) ≤ δn(Λ) ≤ δn,max(Λ) (1.2.13)
lim
n→∞ δn,max ≤ δ
∞
max(Λ) ≤ δ∞ (1.2.14)
Definition 1.5
δ3,max(Λ) = 6Λ; δ3,min(Λ) =
6Λ
1 + 9Λ(1 + 6Λ2)
(1.2.15)
and ∀ n ≥ 5
δn,max(Λ) =
3Λ n(n− 1)
1 + 3Λ n(n− 1)d0 (1.2.16)
here we put d0 = 0.001
δn,min(Λ) =
3Λ n(n− 1)
1 + 3Λ n (n− 1) (1.2.17)
Definition 1.6
By using {δn,max(Λ)}n=2k+1;k∈N and {δn,min(Λ)}n=2k+1;k∈N introduced
before we define the following sequences:
{Hn+1max}n=2k+1;k∈N ∈ B and {Hn+1min }n=2k+1;k∈N ∈ B
H2max(Λ) = (1 + 6Λ
2)2; H2min = 1 (1.2.18)
H4max(Λ) = −6Λ[H2max]3; H4min(Λ) = −δ3,min(Λ) (1.2.19)
and recurrently for every n ≥ 5 :
Hn+1max =
δn,max(Λ)C
n+1
max
3Λ n(n− 1) (1.2.20)
Hn+1min (Λ) =
δn,min(Λ)C
n+1
min
3Λ n(n− 1) (1.2.21)
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Definition 1.7 The subset Φ0
Taking into account the sequences of the previous definition we introduce
the following subset Φ0 ⊂ Φ:
Φ0 =
{
H ∈ Φ : |Hn+1min | ≤ |Hn+1| ≤ |Hn+1max|, ∀n = 2k + 1, k ∈ N
}
(1.2.22)
Using the previous sequences we defined in [4] the “fundamental se-
quence”.
Definition 1.8
H20 (Λ) = 1− ΛH4min (1.2.23)
H40 (Λ) = −δ3,0(Λ)[H20 ]3 with δ3,0(Λ) =
6Λ
1 + 9Λ− Λ|H
6
min|
|H4min|
(1.2.24)
and for every n ≥ 5
Hn+10 (Λ) =
δn,0(Λ)C
n+1
0 (Λ)
3Λn(n− 1) ; (1.2.25)
with:
Cn+10 (Λ) = −6Λ
∑
$n(I)
n !
i1!i2!i3! σsym(I)
∏
l=1,2,3
H il+10 (Λ); (1.2.26)
δn,0(Λ) =
3Λn(n− 1)
1 +Dn(H(min))
(1.2.27)
and
Dn(H(min)) =
|Bn+1min | − |An+1min |
|Hn+1max|
(1.2.28)
and proved,
Proposition 1.1 (the non triviality)
The set of sequences Φ given by the definition 1.4 is a nontrivial subset
of the space B.
Then, we introduced
Definition 1.9 The new mapping M∗
M∗ : Φ M∗−→ B
H2
′
(Λ) = 1 + Λδ
′
1(Λ) with δ
′
1(Λ) = −H4(Λ) (1.2.29)
5
H4
′
(Λ) = −δ′3(Λ)[H2
′
]3 with δ
′
3(Λ) = 6Λ[1 + 6ΛH
2(3/2− |H
6|
6|H4||H2|)]
−1
(1.2.30)
and for every n ≥ 5
Hn+1
′
(Λ) =
δ
′
n(Λ)C
n+1′(Λ)
3Λn(n− 1) ; (1.2.31)
and:
δ
′
n(Λ) =
3Λn(n− 1)
1 +Dn(H)
(1.2.32)
with
Dn(H) =
|Bn+1| − |An+1|
|Hn+1| (1.2.33)
and proved:
Theorem 1.1 The stability of the subset Φ0
If H ∈ Φ; then M∗(H) ⊂ Φ under the condition:
0 < Λ ≤ 0.05
Furthermore (always in [4]), we constructed a Banach space Bc ⊂ B by
introducing the following norm N :
Definition 1.10
N : B → R+
H 7→ ‖H‖ with: ‖H‖ = {sup
Λ;n
|Hn+1|
Mn
} (1.2.34)
Here ∀ Λ ∈ R+:
M1(Λ) = H
2
max = (1 + 6Λ
2)2; M3(Λ) = δ3max(M1)
3; (1.2.35)
and for every n ≥ 5
Mn(Λ) = n(n− 1)δnmaxMn−2(M1)2 (1.2.36)
The function N above defines a finite norm inside a non empty subspace Bc
of B. This subspace Bc obviously contains Φc and is a Banach space with
respect to the N - topology.
Using the above definition of the norm we introduced a ball-neighborhood
Sρ(H0) of the fundamental sequence and by theorem 1.2, we have established
the local contractivity of M∗ inside it by the following:
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Theorem 1.2 the local contractivity of the mappingM∗ in Sρ(H0) ⊂
Φ0
There exists a finite positive constant Λ∗(≈ 0.45) such that the mapping
M∗ is locally contractive in Sρ(H0) consequently there exiists a unique non
trivial solution of the Φ40 equations of motion in the neihbourhood Sρ(H0) ⊂
Φ0 of the fundamental sequence H0.
7
2 The numerical study
1 The different aspects of the analysis
We have studied three different aspects of our study, consequently we have
obtained three sets of figures, that we describe in detail in what follows.
The general conclusion of this numerical experience appears clearly the
same in all three sets.
We notice that the first three orders of the iteration of δn,max and δn,max
yield different curves which come closer to each other till the fourth order
iteration. Beyond, i.e. for 5th and 6th order, we observe a perfect coincidence
of δn,max and δn,min.
So, when the value of Λ lies in [0.001, 0.1], the neighborhood where lies
the fixed point of the contractive mapping is manifestly around the {H0}
sequence, (almost first order iteration of {δn,min} sequence). This fact is
enhanced by the following observation:
For a given value of Λ we remark that the sequence {δn,max} decreases
during the iteration procedure (resp the sequence {δn,min} increases). The
two sets are almost the same up to the fourth iteration. We notice that the
decreasing rate of {δn,max} is more important than the increasing rate of
{δn,min}, and this again underlines the fact that the {H0} neighborhood is
the best for the local contractivity.
This result is more satisfactory (from the point of view of the bound of Λ)
in comparison with the theoretical proof of the validity of the contractivity
criteriun at Λ ≤ 0.05.
1 First set of figures
The first set of figures displays the convergence proof of the mapping for
different values of Λ, using as stating points both δn,max and δn,min. This
set represents the results of twenty iterations of the mapping for different
values of Λ
(i.e Λ ∈ {0.001, 0.01, 0.03, 0.05, 0.075, 0.1}) at n fixed. We have chosen
ten different values of n:
n = 7, 9, 11, 13, 15, 17, 19, 21, 23, 25.
The stability of the values is already attained at the tenth iteration for
all values of n.
2 Second set of figures
The second set displays the convergence of the mapping up to the sixth
iteration, for different values of Λ.
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3 Third set
The third set of figures displays the summary of the previous configuration,
for the sixth iteration.
This figure represents the results of the mapping of δn functions, for
n = 7, 9, 11, 13, 15, 17, 19, 21, 23, 25.
for different values of Λ
(i.e Λ ∈ {0.001, 0.01, 0.03, 0.05, 0.075, 0.1}) and for all 20 iterations.
The figure illustrates clearly the convergence of the iteration to the fixed
point. We remark also that the convergence is more rapid for sufficiently
small values of Λ (and even for bigger than the critical point 0.45, due to
the small values of n).
Our experience shows that the stability is impossible, for example n =
1000, when Λ becomes bigger than 0.05.
This figure represents the results of the mapping of δn functions as sur-
faces of n and ν for fixed Λ (at the six different values).
We remark in this figure that:
• For small values of Λ (Λ ≤ 0.001), the ”decrease” properties of δn’s
are not apparent.
• For the intermediate values (”good values”) of Λ, the surfaces show
the expected concavity as far as ν (iteration number) increases.
• For large values of Λ (bigger than the critical value ∼ 0.045), we
observe a rapid increasing surface (because we are far from the stability
and contractivity criteria).
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Figure 1: 1rst set: Convergence up to ν = 6 with Λ = 0.001 starting from
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2.
Figure 2: 1rst set: Convergence up to ν = 6 with Λ = 0.0005 starting from
δn,max and δn,min
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3.
Figure 3: 1rst set: Convergence up to ν = 6 with Λ = 0.01 starting from
δn,max and δn,min
4.
Figure 4: 1rst set: Convergence up to ν = 6 with Λ = 0.015 starting from
δn,max and δn,min
12
5.
Figure 5: 1rst set: Convergence up to ν = 6 with Λ = 0.02 starting from
δn,max and δn,min
6.
Figure 6: 1rst set: Convergence up to ν = 6 with Λ = 0.025 starting from
δn,max and δn,min
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7.
Figure 7: 1rst set: Convergence up to ν = 6 with Λ = 0.03 starting from
δn,max and δn,min
8.
Figure 8: 1rst set: Convergence up to ν = 6 with Λ = 0.05 starting from
δn,max and δn,min
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9.
Figure 9: 1rst set: Convergence up to ν = 6 with Λ = 0.07 starting from
δn,max and δn,min
10.
Figure 10: 1rst set: Convergence up to ν = 6 with Λ = 0.09 starting from
δn,max and δn,min
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11.
Figure 11: 1rst set: Convergence up to ν = 6 with Λ = 0.1 starting from
δn,max and δn,min
12.
Figure 12: 1rst set: Divergence up to ν = 6 with Λ = 0.15 starting from
δn,max and δn,min
16
13.
Figure 13: 2nd set: Convergence up to ν = 6 with Λ = 0.001 starting from
δn,max and δn,min
14.
Figure 14: 2nd set: Convergence up to ν = 6 with Λ = 0.01, starting from
δn,max and δn,min
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15.
Figure 15: 2nd set: Convergence up to ν = 6 with Λ = 0.02, starting from
δn,max and δn,min
16.
Figure 16: 2nd set: Convergence up to ν = 6 with Λ = 0.03, starting from
δn,max and δn,min
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17.
Figure 17: 2nd set: Convergence up to ν = 6 with Λ = 0.1, starting from
δn,max and δn,min
18.
Figure 18: 2nd set: Divergence (up to ν = 6) with Λ = 0.15, starting from
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Figure 19: 3d set: Summary up to the sixth iteration for Λ from 0.001 to
0.01
Figure 20: 3d set: Summary of the six iterations for Λ from 0.001 to 0.03
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